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CUBE SUMS OF FORM 3p AND 3p2
JIE SHU, XU SONG AND HONGBO YIN
Abstract. Let p ≡ 2, 5 mod 9 be an odd prime. In this paper, we prove that at least
one of 3p and 3p2 is a cube sum by constructing certain nontrivial Heegner points. We also
establish the explicit Gross-Zagier formulae for these Heegner points and give variants of
the Birch and Swinnerton-Dyer conjecture of the related elliptic curves.
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1. Introduction
A nonzero rational number is called a cube sum if it is of the form a3+ b3 with a, b ∈ Q×.
For any n ∈ Q×, let En be the elliptic curve over Q defined by the projective equation
x3 + y3 = nz3.
If n = a3 is a cube of a rational number a ∈ Q×, then En(Q) ≃ Z/3Z is generated by the
point with projective coordinates (a : 0 : 1), and then n is not a cube sum. If n = 2a3 is
twice a cube of a rational number, then En(Q) ≃ Z/2Z has a generator (a : a : 1), and n
is a cube sum. Otherwise, the torsion subgroup En(Q)tor is trivial. Therefore, if n is not
twice a cube of rationals , then n is a cube sum if and only if rankZEn(Q) > 0. Determining
which rational numbers are cube sums is a classical Diophantine problem, which may also
be referred as the Sylvester problem for historical reasons [Syl79a, Syl79b, Syl80a, Syl80b].
Various investigations of the Sylvester problems can be found in the literature. In [Sat86]
(see also [DV09, CST17]), P. Satge´ proved that if p ≡ 2 resp. 5 mod 9, then 2p resp. 2p2 is a
cube sum. D. Lieman [Lie94] showed there are infinitely many cube-free integers, which are
not cube sums. In [CST17], Cai-Shu-Tian proved there are infinitely many integers, with
given even number of distinct prime factors, which are cube sums (resp. not cube sums).
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The famous Sylvester conjecture states that any prime number congruent to 4, 7, 8 mod 9
is a cube sum. A partial result can be found in the recent work of Dasgupta and Voight
[DV17].
In this paper, we are concerned with cube sums of the form 3pi where p is a prime and
i = 1, 2, and the main result is as follows.
Theorem 1.1. Let p ≡ 2, 5 mod 9 be an odd prime. Then at least one of 3p and 3p2 is a
cube sum.
Let p ≡ 2, 5 mod 9 be an odd prime number. By the descent method (Proposition 4.6)
and the formula for epsilon factors in [Liv95], we know
Sel3(E3p) ≃ Sel3(E3p2) ≃ Z/3Z,
and
ǫ(E3p) = ǫ(E3p2) = −1.
Then the Birch and Swinnerton-Dyer (B-SD) conjectures for the elliptic curves E3p and E3p2
imply that
rankE3p(Q) = rankE3p2(Q) = 1.
Therefore, the B-SD conjecture implies that both 3p and 3p2 should be cube sums.
Let K = Q(
√−3) ⊂ C be an imaginary quadratic field with OK = Z[ω] its ring of
integers, ω = −1+
√−3
2
. For any n ∈ Q×, the elliptic curve En has Weierstrass equation
y2 = x3 − 24 · 33 · n2, and has complex multiplication by OK over K. We fix the complex
multiplication [ ] : OK ≃ EndQ(En) by [ω](x, y) = (ωx, y).
Let p ≡ 2, 5 mod 9 be an odd prime. Let χ1 : GK → O×K resp. χ2 be the character given
by χ1(σ) = (
3
√
3p)σ−1 resp. χ2(σ) = ( 3
√
3p2)σ−1. We normally embed K into M2(Q) with a
fixed point τ = pω/9 ∈ H under linear fractional transformations, where H is the Poinca´re
upper half plane. The elliptic curve E1 is naturally isomorphic to the modular curve X0(27),
and let f : X0(27) → E1 be the isomorphic modular parametrization. Let Pτ ∈ X0(27) be
the point arising from the imaginary quadratic τ ∈ H. The CM point Pτ is defined over the
ring class field H9p. Define the Heegner points
R1 = TrH9p/L(3p)f(Pτ ) ∈ E1(L(3p)),
and
R2 = TrH9p/L(3p2)f(Pτ ) ∈ E1(L(3p2)).
By Proposition 4.3, these Heegner points give rise to rational points in E3p(K) and E3p2(K)
respectively, and hence if the Heegner point R1 resp. R2 is of infinite order, then 3p resp.
3p2 is a cube sum.
The base change L-function L(s, E1, χ1) resp. L(s, E1, χ2) has a decomposition
L(s, E1, χ1) = L(s, E3p) · L(s, E9p2) resp. L(s, E1, χ2) = L(s, E3p2) · L(s, E9p).
By the formulae for epsilon factors in [Liv95], the L-function L(s, E1, χ1) resp. L(s, E1, χ2)
has sign −1 in the functional equation. The morphism f is a test vector for the pair (E1, χ1)
resp. (E1, χ2) in the sense of Proposition 4.2, and we have the following explicit height
formula (see Theorem 4.4).
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Theorem 1.2. Let p ≡ 2, 5 mod 9 be an odd prime number. We have the following explicit
height formula of Heegner points:
L′(1, E3p)L(1, E9p2)
Ω3pΩ9p2
= ĥQ(R1),
and
L′(1, E3p2)L(1, E9p)
Ω3p2Ω9p
= ĥQ(R2).
where Ωn denotes the minimal real period of the elliptic curve En and ĥQ denotes the Ne´ron-
Tate height on E1 over Q.
Define the Heegner point
z = TrH9p/L(3,p)f(Pτ ) ∈ E1(L(3,p)).
It follows from Proposition 4.3 that, modulo torsion points, we have
R1 +R2 = 3z.
Then the main Theorem 1.1 follows from the nontriviality of the Heegner point z. By
a refinement of the Kronecker congruence for modular functions at supersingular points
(Proposition 3.1), we can analyze the behavior of the Heegner point z modulo p. And the
nontriviality of the Heegner point z follows from the fact that the reduction of z mod p
always has a nontrivial 3-component, which is achieved by Proposition 3.4 and Theorem 3.5.
In the final subsection, by comparing the explicit height formulae with the B-SD conjec-
tures, we give the variants of the B-SD conjectures of the relate elliptic curves in terms of
Heegner points.
For any integer c ≥ 1, let Oc be the order of K of conductor c and let Hc be the ring class
field of conductor c which is characterized by the isomorphism
Gal(Hc/K) ≃ Pic(Oc)
under class field theory. We will using the following field-extension diagram:
H9p = H3p(
3
√
3)
3
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2. Modular Curves
2.1. The Modular Curve X0(27). The group GL2(Q)
+ of invertible matrices with rational
entries and positive determinants acts on the Poinca´re upper half planeH by linear fractional
transformations: (
a b
c d
)
z =
az + b
cz + d
, z ∈ H.
Let Γ0(27) be the subgroup of SL2(Z) consisting of all matrices(
a b
c d
)
with c ≡ 0 mod 27,
and define
Y0(27) = Γ0(27)\H and C = Γ0(27)\P1(Q).
Then Y0(27) is an affine smooth curve defined over Q and the modular curve X0(27) of level
Γ0(27) is defined to be its projective closure. The underlying Riemann surface of X0(27) is
given as
X0(27)(C) = Y0(27)(C)
⊔
C.
For each z ∈ H ⊔ P1(Q), denote by [z] the point on X0(27) represented by z. Elements in
C = {[0], [±1/3], [±1/9], [∞]}
are called cusps of X0(27) and the cusps [0], [∞] are rational and the other four cusps are
defined over the imaginary quadratic field K = Q(
√−3). The modular curve X0(27) is of
genus 1 with a rational cusp [∞], so we have an elliptic curve (X0(27), [∞]) over Q with [∞]
as its zero element.
Define N to be the normalizer of Γ0(27) in GL2(Q)+. The linear fractional action of N on
X0(27) induces an injective homomorphism
Φ : N/Q×Γ0(27) →֒ AutC(X0(27)) = O×K ⋉X0(27)(C).
Put
W =
(
0 1
−27 0
)
, A =
(
1 1/3
0 1
)
,
and
(2.1) B = − 1
27
WA−1W =
(
1 0
9 1
)
, C = − 1
27
WB−1WB =
(
4 1/3
9 1
)
.
It follows from [AL70, Theorem 8] and [Ogg80] that the quotient group N/Q×Γ0(27) is
generated by W and A, and moreover, we have
N/Q×Γ0(27) = 〈B〉Z/3Z ⋉
(〈W 〉Z/2Z ⋉ 〈C〉Z/3Z) .
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Proposition 2.1. 1. The elliptic curve (X0(27, [∞])) is isomorphic to E1 and we iden-
tify X0(27) with E1 so that the cusp [0] has coordinates (12, 36). Moreover, the
isomorphism can be given in terms of quotients of the Dedekind η-functions:
X0(27) ∼= E1 : y2 = x3 − 432,
z ∈ H 7→
(
4 η(9z)
4
η(3z)η(27z)3
, 8 η(3z)
3
η(27z)3
+ 36
)
.
2. We have an embedding
Φ : N/Q×Γ0(27) →֒ O×K ⋉ C.
For any point P ∈ X0(27), we have
Φ(A)(P ) = [ω]P, Φ(W )(P ) = [−1]P + [0],
and
Φ(B)(P ) = [ω2]P + [1/9], Φ(C)(P ) = P + [1/9].
Proof. For the modular isomorphism of X0(27) with the elliptic curve E1 in terms of quo-
tients of the Dedekind eta-functions, we refer to [DV09, 2.5] and note that we changed the
Weierstrass equation.
The second assertion follows from a similar argument as in [CST17, Proposition 2.2] which
deals with the modular curve X0(36). Since the modular automorphism Φ(A) is of order
3 and fixes the cusp [∞], as an automorphism on the elliptic curve E1, Φ(A) must be the
complex multiplication by a third root of unity. Let φ =
∑
n≥1 anq
n be the unique newform
of level Γ0(27) and weight 2. Then the Ne´ron differential on X0(27) is dx/2y = φ(q)dq/q. At
[∞], it is represented by dq, since φ is a normalised cusp form. Then Φ(A)∗(dq) = ωdq. On
the other hand, [ω](x, y) = (ωx, y) and then [ω]∗(dx/2y) = ωdx/2y. So we have Φ(A) = [ω].
Since Φ(W ) is of order 2, it must be of the form
Φ(W )(P ) = [±1]P + T
where T is a nontrivial torsion point. If Φ(W )(P ) = P + T , then T is a point of exact order
2 and Φ(W ) has no fixed point which contradicts with the fact that Φ(W ) has a fixed point
represented by
√
−1
27
∈ H. So
Φ(W )(P ) = [−1]P + T
and if we take P = [∞], we see immediately that T = [0].
Then we see that for any point P ∈ X0(27), we have
Φ(A)(P ) = [ω]P, Φ(W )(P ) = [−1]P + [0],
and the formulae for Φ(B) and Φ(C) follow directly from (2.1). 
Corollary 2.2. The coordinates of the cusps under the Weierstrass equation
E1 : y
2 = x3 − 432
are given as follows:
[∞] = O, [0] = (12, 36), [1/3] = (12ω, 36),
[−1/3] = (12ω2, 36), [1/9] = (0,−12√−3), [−1/9] = (0, 12√−3).
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Proof. Put
X(z) =
η(9z)4
η(3z)η(27z)3
, Y (z) =
η(3z)3
η(27z)3
.
Recall the Dedekind η-function
η(z) = q1/24
∏
n≥1
(1− qn), q = e2πiz,
and we have the transformation formulae:
η(z + 1) = e2πi/24η(z), η(−1/z) =
√
z
i
η(z).
Then
X
(−1
27z
)
=
η
(−1
3z
)4
η
(−1
9z
)
η
(−1
z
)3 = 3 η(3z)4η(9z)η(z)3 = 3∏
n≥1
1− q3n
(1− q9n)(1− qn)3 ,
Y
(−1
27z
)
=
η
(−1
9z
)3
η
(−1
z
)3 = 27η(9z)3η(z)3 = 27q∏
n≥1
(1− q9n)3
(1− qn)3 .
Taking q → +∞ as z → 0i, we see
[∞] = O.
Taking q → 0 as z → +∞i, we see
[0] = (12, 36).
Similarly, we have
X(z + 1/3) =
η(9z + 3)4
η(3z + 1)η(27z + 9)3
= e2πi/3X(z),
Y (z + 1/3) =
η(3z + 1)3
η(27z + 9)3
= Y (z).
Taking z → 0, we see
[1/3] = (12ω, 36).
By the action of the linear fractional transformation A and the formula in Proposition 2.1,
we have
[−1/3] = Φ(A)([1/3]) = [ω][1/3] = (12ω2, 36).
By the action of the Atkin-Lehner operator W and the formula in Proposition 2.1, we
have
[−1/9] = Φ(W )([1/3]) = [−1][1/3] + [0] = (0, 12√−3),
and similarly, we can compute
[1/9] = (0,−12√−3).

It is easy to see that
E1(K) = E[3] = {O, (12ωi,±36), (0,±12
√−3)}i=0,1,2.
Proposition 2.3. We have E1(L(3,p))tor = E1(K).
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Proof. Let ℓ be a prime. Suppose P ∈ E1[ℓ] is a torsion point of order ℓ. By [Shi94, Theorem
5.1], the field K(P ) contains a subfield over K with Galois group (OK/l)×, where l is a prime
ideal of K above ℓ. If ℓ 6= 2, 3, 7, then [K(P ) : K] > 9. If ℓ = 7, then (OK/π)× = 6 and
6 | [K(P ) : K].
For ℓ = 2, we see that K(E1[2])/K has degree 3, and is unramified at p. Thus
K(E1[2]) ∩ L(3,p) ⊂ L(3).
Since
(2.2) E1(L(3))tor ≃ Z/3Z× Z/3Z,
we conclude that E1(L(3,p))[2] = 0.
Finally, suppose P ∈ E1(L(3,p))[3∞]. Since E1 has good reductions outside 3, we conclude
that K(P ) is unramified outside 3, which forces that K(P ) ⊂ L(3). Again by the fact (2.2),
we see that
E1(L(3,p))[3
∞] = E1[3] = E1(K).

2.2. Base Change to K = Q(
√−3). Let U0(27) ⊂ GL2(Ẑ) be the subgroup consisting of
matrices
(
a b
c d
)
with c ≡ 0 mod 27, and let U ⊂ U0(27) be the subgroup consisting of
matrices with a ≡ d mod 3. Let XU be the modular curve over Q whose underlying Riemann
surface is
XU(C) = GL2(Q)
+
∖((
H
⊔
P1(Q)
)
×GL2(Af)
/
U
)
.
Indeed, X0(27) is the modular curve XU0(27) and therefore XU is a natural double cover of
X0(27). Under class field theory, Q
×
+Ẑ
×/Q×+ det(U) ≃ Gal(K/Q). Noting that GL2(Q)+ ∩
U = Γ0(27), we see that the modular curve XU is isomorphic to X0(27) ×Q K as a curve
over Q (cf. [Shi94, Chapter 6]). In adelic language, if z ∈ H⊔P1(Q) and g ∈ GL2(Af ), we
denote [z, g]U ∈ XU the point corresponding to the coset of the pair (z, g).
Put
U0(27)/U = 〈ǫ〉, ǫ =
(
1 0
0 −1
)
.
The non-trivial Galois action of Gal(K/Q) on XU is given by the right translation of ǫ on
XU . We have
AutQ(XU) = AutK(XU)⋊Gal(K/Q) ≃ (XU(K)⋊O×K)⋊Gal(K/Q).
Let NGL2(Af )(U) be the normalizer of U in GL2(Af ). Then there is a natural homomorphism
NGL2(Af )(U)/U −→ AutQ(XU)
induced by the right translation on XU . The curve XU is not geometrically connected and
has two connected components over C. An element g ∈ NGL2(Af )(U) maps one component
of XU onto the other if and only if it has image −1 under the composition of the following
morphisms:
GL2(Af ) = GL2(Q)+GL2(Ẑ)
det
// Q×+Ẑ
× // Z×3 /(1 + 3Z3),
where the last morphism is the projection from Ẑ× to its 3-adic factor.
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Let p ≡ 2, 5 mod 9 be a rational odd prime number. Put
τ = Mω = ωp/9, M =
(
p 0
0 9
)
.
Let ρ : K → M2(Q) be the normalized embedding with a fixed point τ ∈ H, i.e. we have
ρ(t)
(
τ
1
)
= t
(
τ
1
)
, for any t ∈ K.
Then the embedding ρ : K → M2(Q) is explicitly given by
ρ(ω) = M
(−1 −1
1 0
)
M−1 =
(−1 −p/9
9/p 0
)
.
Let R0(27) be the standard Eichler order of discriminant 27 in M2(Q), i.e.
R0(27) =
(
Z Z
27Z Z
)
.
Then K ∩ R0(27) = O9p. Let OK,3 be the completion of OK at the unique place above 3.
We have
O×K,3/Z×3 (1 + 9OK,3) = 〈ω3〉Z/3Z × 〈1 + 3ω3〉Z/3Z,
where ω3 is the 3-local component of ω. It is straightforward to verify that 1+3ω3 normalizes
U , and hence it induces an automorphism of XU .
Theorem 2.4. For any point P ∈ XU , we have
P 1+3ω3 = [ω2]P.
Proof. Since 1+3ω3 has determinant ≡ 1 mod 3, as an element in AutQ(XU), they lie in the
subgroup AutK(X0(27)). Suppose P = [z, 1], z ∈ H, be an arbitrary point on X0(27). We
have
BC2(1 + 3ω3) =
((
45/p− 38 −19p/3 + 5/3
513/p− 432 −72p+ 19
)
3
, BC2
)
∈ U,
where the subscript 3 denotes the 3-adic component of the adelic matrices. Then
P 1+3ω3 = Φ(BC2)(P ) = [ω2]P.

Let σ : K̂× → Gal(Kab/K) be the Artin reciprocity map and we denote by σt the image
of t ∈ K̂×. Let Pτ = [τ, 1]U0(27) be the CM point on X0(27) arising from τ .
Corollary 2.5. The point Pτ ∈ X0(27) is defined over H9p and
P
σ1+3ω3
τ = [ω
2]Pτ .
Proof. By Shimura’s reciprocity law,
P σtτ,U = P
t
τ,U = [τ, t]U , t ∈ K̂×.
Since K̂× ∩ U = Ô9p
×
, we see that Pτ,U is defined over the ring class field H9p. Also by
Shimura’s reciprocity law,
P
σ1+3ω3
τ,U = P
1+3ω3
τ,U = [ω
2]Pτ,U ,
and the statements for Pτ ∈ X0(27) follow from the natural projection XU → X0(27).
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Proposition 2.6. Let p ≡ 2, 5 mod 9 be odd primes.
1. The field H9p = H3p(
3
√
3) with Galois group Gal(H9p/H3p) ≃ 〈1 + 3ω3〉Z/3Z, and(
3
√
3
)σ1+3ω3−1
= ω2.
2. The field K( 3
√
p) is contained in H3p.
3. The field extension H3p/K is totally ramified at p and H9p/H3p is split at the places
above p.
4. We have
(
3
√
3
)σω3−1 = 1 and
( 3
√
p)σω3−1 =
{
ω, p ≡ 2 mod 9
ω2, p ≡ 5 mod 9
Proof. For the first assertion, the Galois group
Gal(H9p/H3p) ≃ K×Ô3p
×
/K×Ô9p
×
is cyclic of order 3 and generated by 1 + 3ω3. The ideal 7OK = (1 + 3ω)(1 + 3ω2) and let v
be the place corresponding to the prime ideal (1 + 3ω). Then by the local-global principle,
we have(
3
√
3
)σ1+3ω3−1
=
(
1 + 3ω3, 3
K3; 3
)
=
(
1 + 3ωv, 3
Kv; 3
)−1
= 3−2 mod (1 + 3ω) = ω2,
where
(
·,·
Kw;3
)
denotes the 3-rd Hilbert symbol over Kw.
For the second assertion, by the class field theory, it suffices to prove that, under the Artin
reciprocity map,
U3p = Ẑ
×(1 + 3OK,3)(1 + pOK,p)
∏
v∤3p
O×K,v
fixes 3
√
p. Since K( 3
√
p) is anticyclotomic over K, Ẑ× fixes 3
√
p. Since K( 3
√
p)/K is unramified
outside 3p,
∏
v∤3pO×K,v fixes 3
√
p. Using the Hilbert symbol, it is clear that (1 + pOK,p) fixes
3
√
p. Finally, we look at the 3-adic place. Since 1+9OK,3 ⊂ (K×3 )3, it suffices to prove 1+3ω3
fixes 3
√
p. We have
( 3
√
p)σ1+3ω3−1 =
(
1 + 3ω3, p
K3; 3
)
.
If p ≡ 2 mod 9, then
( 3
√
p)σ1+3ω3−1 =
(
1 + 3ω3, 2
K3; 3
)
=
(
1 + 3ω2, 2
K2; 3
)−1(
1 + 3ωv, 2
Kv; 3
)−1
= 1.
Similarly, if p ≡ 5 mod 9, we also have ( 3√p)σ1+3ω3−1 = 1.
For the third assertion, let v be a place of H3p above p and consider the following exact
sequence
0→ Iv → Gal(H3p,v/Kp)→ Gal(kv/Fp2)→ 0
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where kv is the residue field of H3p,v and Iv is the inertia group. Under the class field theory,
we have the following commutative diagram
Gal(H3p,v/Kp)

≃
// K×p /N(H
×
3p,v)

Gal(H3p/K)
≃
// K̂×/K×Ẑ×(1 + 3pÔK)
with vertical inclusions. Under the upper isomorphism, we have
Iv ≃ O×K,p/(O×K,p ∩K×Ẑ×(1 + 3pÔK)).
Note
O×K,p ∩K×Ẑ×(1 + 3pÔK) = O×KZ×p (1 + pOK,p).
On the other hand,
Gal(H3p/K) ∼= K̂×/K×Ẑ×(1 + 3pÔK) ≃ O×K,p/O×KZ×p (1 + pOK,p).
Hence
Gal(H3p/K) = Gal(H3p,v/Kp) = Iv,
and thus H3p/K is totally ramified at p. Since p ≡ 2 mod 3, we see that x3− 3 mod p has a
root in F×p , and hence by Hensel’s lemma x
3−3 has a root in Qp. Then we see that 3
√
3 ∈ Kp
and p is split in K( 3
√
3/K). Then it follows that H9p/H3p is split at the places above p.
For the last assertion. Since p ≡ 2 mod 3, the prime p is inert in K. Then
( 3
√
p)σω3−1 =
(
ωp, p
Kp; 3
)−1
= ω
p2−1
3 .

3. Heegner Points
3.1. A Kronecker congruence for supersingular points. Let j(z) be the j-function on
the Poinca´re upper half plane H. For any integer N ≥ 1, denote jN (z) = j(Nz). Then there
is a polynomial ΦN (X, Y ) ∈ Z[X, Y ], called the modular equation, such that
ΦN(j, jN ) = 0.
The classical Kronecker congruence [Cox89, §11-C] states that for a prime p
Φp(X, Y ) ≡ (X − Y p)(Xp − Y ) mod pZ[X, Y ].
Let K ⊂ C be an imaginary quadratic field, and let τ ∈ H ∩K. Then by CM theory, both
j(τ) and j(pτ) are algebraic integers in some abelian extension of K. Then the Kronecker
congruence states either
j(τ) ≡ j(pτ)p mod p or j(pτ) ≡ j(τ)p mod p.
Dasgupta and Voight [DV17, Proposition 5.2.1] give a refined generalization of Kronecker
congruence to modular forms when p is split in the imaginary quadratic field K. In this
subsection we give a refined generalization of Kronecker congruence to modular functions
when p is inert in K.
ForN ≥ 4, the modular curve Y0(N) has a smooth affine model over Z which represents the
functor ”isomorphism classes of elliptic curves with Γ0(N)-structures” [Kat76, §2.5]. Suppose
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p ∤ N . We have two degeneracy maps α : Y0(Np) → Y0(N) and β : Y0(Np) → Y0(N) given
as
α(E,H,C) = (E,H), β(E,H,C) = (E/C, (H ⊕ C)/C),
where H and C are cyclic subgroups of the elliptic curve E of order N and p respectively.
Recall that we have the Atkin-Lehner operator Wp at p:
Wp(E,H,C) = (E/C, (H ⊕ C)/C,E[p]/C).
It follows that
β = α ◦Wp.
The modular curve Y0(N)/Z[1/N ] is finite flat over the j-line A
1
/Z[1/N ], and the modular
curve Y0(N)/Q has function field Q(j, jN ). Let O(N) be the integral closure of Z[1/N, j] in
Q(j, jN ). Then O(N) is the affine coordinate ring of Y0(N)/Z[1/N ].
Proposition 3.1. Let τ ∈ H be imaginary quadratic and let p ∤ N be a prime inert in
the imaginary quadratic field Q(τ). Suppose f ∈ O(N) is a modular function integral over
Z[1/N, j]. Then both f(pτ) and f(τ) are p-adic integers and
f(pτ) ≡ f(τ)p mod p.
Proof. Since f is integral over Z[1/N, j] and j(τ), j(pτ) are algebraic integers, we see f(τ), f(pτ)
are p-adic integers. Since f is a regular function on Y0(N)/Z[1/N ], f reduces to a regular func-
tion f˜ on Y0(N)/Fp .
It follows from [DR73] (see also [Rib90, Proposition 3.8 (i)]) that the Atkin-Lehner operator
Wp acts on the set of supersingular points on X0(Np)/Fp as the Frobenius automorphism
Frobp. For any supersingular point x on X0(Np)/Fp , we have
f˜(px) = β∗(f˜)(x) = W ∗p ◦ α∗(f˜)(x) = α∗(f˜)(Wp(x)) = α∗(f˜)(xFrobp) =
(
f˜(x)
)p
.
Since p is inert in Q(τ), the CM point arising from τ lies in the supersingular locus on
X0(Np)/Fp and the proposition follows.

3.2. Nontriviality of Heegner points. We apply the generalized Kronecker congruence
Proposition 3.1 to some explicit modular functions and these congruences are crucial to
investigate the Heegner points under reduction modulo p.
Proposition 3.2. 1. The function f(z) = η(27z)/η(3z) is a modular function on Γ0(81)
and g(z) = (η(9z)/η(3z))4 is a modular function on Γ0(27).
2. Let p be a prime number inert in K = Q(ω). Then the values f(ω/9), g(ω/9),
f(ωp/9) and g(ωp/9) are all p-adic units and
f(ωp/9) ≡ f(ω/9)p mod p and g(ωp/9) ≡ g(ω/9)p mod p.
Proof. By Ligozat’s criterion [Lig70, Proposition 3.2.1], f is a modular function on Γ0(81)
and g is a modular function on Γ0(27).
By [Lan87, Chapter 12, Theorem 2],
(detα)12f 24 = (detα)12
∆(α(3z))
∆(3z)
, α =
(
9 0
0 1
)
,
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is integral over Z[j3]. Hence 3f is integral over Z[j3] and hence integral over Z[j]. Taking
z0 = ω/9 and ωp/9 respectively, by [Lan87, Chapter 12, Theorem 4], we see that 3f(z0) is
an algebraic integer dividing 3. In particular, both f(ω/9) and f(ωp/9) are p-adic units.
Then apply Proposition 3.1 to 3f we get
f(ωp/9) ≡ f(ω/9)p mod p.
Viewing g as a modular function on Γ0(81), the congruence relation for g follows similarly. 
Recall from Proposition 2.1 that the elliptic curve E1 : y
2 = x3 − 432 has modular
parametrization by the formulae
x(z) = 4
η(9z)4
η(3z)η(27z)3
= 4gf−3
and
y(z) = 8
η(3z)
η(27z)
+ 36 = 8f−3 + 36.
Corollary 3.3. The coordinates x(ωp/9) and y(ωp/9) are p-adic integers and satisfy the
congruence relations
x(ωp/9) ≡ −4 · 37/6e5πi/6 mod p
and
y(ωp/9) ≡ −8 · 3√−3 + 36 mod p.
Proof. By Proposition 3.2, we know that all the coordinates f(z0) and g(z0), with z0 = ω/9
or ωp/9, are p-adic units, and the congruence relations
gf−3(ωp/9) ≡ (gf−3(ω/9))p mod p, f−3(ωp/9) ≡ (f−3(ω/9))p mod p.
Put X = gf−3 and Y = f−3. In terms of coordinates in X and Y , the equation of
the elliptic curve E1 is given by Y
2 + 9Y = X3 − 27. It remains to compute the values
X(ω/9) = gf−3(ω/9) and Y (ω/9) = f−3(ω/9) explicitly. By the proof of [DV17, Lemma
5.2.4], we see that
f(ω/9) = e−πi/6
1√
3
,
and hence Y (ω/9) = 3
√−3, and then we find X(ω/9) = 37/6eπi/6.
Since (−3) p−12 =
(
−3
p
)
= −1 mod p,
Y (ωp/9) ≡ (3√−3)p ≡ 3(−3) p−12 √−3 ≡ −3√−3 mod p.
We concludes from the Weierstrass euqation E1 : Y
2 + 9Y = X3 − 27 and
X(ωp/9)2 ≡ 37p/3epπi/3 ≡ −37/3e2πi/3 mod p
that
X(ωp/9) ≡ −37/6e5πi/6 mod p.
Then the congruence relations for x(ωp/9) and y(ωp/9) follow. 
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Before we prove the nontriviality of Heegner points, we need to analyze the behavior of
points over finite fields. Consider the elliptic curve E9 : y
2 = x3−24 · 37 and let ϕ : E1 → E9
be the isomorphism given by
(x, y) 7→ (34/3x, 9y).
Note that P0 = (36, 108) is an infinite-order point in E9(Q) and E9(Q) = Z · P0. Since
p ≡ 2, 5 mod 9 is inert in K, E9 has good supersingular reduction modulo p. Then E9(Fp)
has cardinality p+ 1, and its 3-primary component is isomorphic to Z/3Z.
Fix an embedding of Q the field of algebraic numbers into the complex number field C.
Proposition 3.4. 1. Let ζ9 = e
2πi/9 be a primitive 9-th root of unity and let A ∈ E9(Q)
such that [3]A = P0. Then Q(ζ9) ⊂ Q(A,E9[3]).
2. The point P0 is not divisible by 3 in E9(Kp).
3. The reduction of P0 in E9(Fp) has non-trivial 3-component, i.e. the reduction of
[(p+ 1)/3]P0 is nonzero.
Proof. Let A = (x0, y0) ∈ E9(Q) and [3]A = P0. By the triplication formula [Sil92, page
105], we have
x(P0) = x([3]A) =
x90 + 2
938x60 + 2
12315x30 − 218321
(3x0(x30 − 2637))2
= 36.
The x0 is a root of a polynomial f(x) of degree 9, where explicitly
f(x) = x9 − 2234x8 + 2938x6 + 29311x5 + 212315x3 − 214318x2 − 218321.
Suppose
A+ (0, 2233
√−3) = (x1, y1) and A+ (0,−2233
√−3) = (x2, y2).
Then
x0 + x1 =
(
y0 − 2233
√−3
x0
)2
and
x0 + x2 =
(
y0 + 2
233
√−3
x0
)2
.
It follows that
t = x0 + x1 + x2 =
x30 − 2637
x20
.
It is straightforward to verify that t satisfies a polynomial of degree 3
g(t) = t3 − 2234t2 + 26310 = f(x0)/x60 = 0.
By the cubic root formula, we see that g(t) has a root
t = 108(ζ9 + ζ
−1
9 + 1).
It is easy to see that K = Q(
√−3) ⊂ Q(A,E9[3]). Since Q(A,E9[3]) is Galois over Q, we
see
Q(ζ9) = Q(ζ9 + ζ
−1
9 ,
√−3) ⊂ Q(A,E9[3]).
The first assertion follows.
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For the second assertion, we assume the contrary, i.e. there exists some A ∈ E9(Kp) with
[3]A = P0. Note E9[3] ⊂ E(Kp). Indeed, we have
E9[3] = {O, (0,±2233
√−3), (2232 3
√
3ωi,±2234)}i=0,1,2,
and 3
√
3 ∈ Kp because p ≡ 2 mod 3. Then
Q(A,E9[3]) ⊂ Kp,
and it follows that p is split in the field extension Q(A,E9[3])/K.
On the other hand, since p ≡ 2, 5 mod 9, p is a primitive root modulo 9. Then the
Frobenius automorphism Frobp is the generator of the Galois group
Gal(Q(ζ9)/Q) ≃ (Z/9Z)×.
Then p is inert in the field extension Q(ζ9)/Q, and in particular, p is inert in the field exten-
sion Q(ζ9)/K. Then a contradiction follows by the first statement that Q(ζ9) ⊂ Q(A,E9[3]),
and hence P0 is not divisible by 3 in E9(Kp).
For the third assertion, consider the following commutative diagram
0 // Ê9(pZp)
[3]

// E9(Qp) //
[3]

E9(Fp)
[3]

// 0
0 // Ê9(pZp) // E9(Qp) // E9(Fp) // 0,
where Ê9 denotes the formal group associated to E9. Since [3] is an isomorphism on Ê9(pZp),
we conclude that the reduction modulo p induces an isomorphism
E9(Qp)/3E9(Qp) ≃ E9(Fp)/3E9(Fp) ≃ Z/3Z.
By the second assertion, we see that P0 is not divisible by 3 in E9(Qp), and hence it gives
rise to a nonzero element in E9(Fp)/3E9(Fp) under reduction modulo p. The third assertion
follows. 
Recall that τ = ωp/9 and Pτ = [τ, 1] ∈ X0(27)(H9p) and put
z = TrH9p/L(3,p)Pτ .
Note that H3p/K is totally ramified at p and H9p/H3p is split at the places above p. Let P
be a place of L(3,p) above p.
Theorem 3.5. 1. The point z mod P is primitive of order 3 in E1(Fp2), i.e. not killed
by [
√−3].
2. The point z ∈ E1(L(3,p)) is of infinite order.
Proof. Note that
P = (−4 · 37/6e5πi/6,−8 · 3√−3 + 36) ∈ E1(Q),
and then
P ≡ Pτ mod p.
Put
P ′ = [ω2]P + (0,−12√−3) = (4 · 32/3, 12),
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and let ϕ : E1 → E9 be the isomorphism given by
(x, y) 7→ (34/3x, 9y).
Then ϕ(P ′) = (36, 108) is the generator of E9(Q). Note
E9[
√−3] = {O, (0,±12√−3)} ⊂ E9(Fp2).
By Proposition 3.4, we see that [(p+1)/3]ϕ(P ′) is a nonzero point of order 3 in E9(Fp) which
is not killed by [
√−3].
Then we know that [(p+ 1)/3]P ′ mod P is primitive of order 3, and hence
z ≡
[
p+ 1
3
]
Pτ mod P ∈ E1(Fp2)[3]
is primitive of order 3.
For the second assertion. If z is torsion, then by Proposition 2.2, z ∈ E1(K) and hence
zσ1+ω3 = z = [ω2]z.
Then z is killed by [
√−3] and so is the reduction of z mod P, which is a contradiction. 
Let E be an elliptic curve over Q which has CM by OK over Q. Let L/K be a cubic field
extension and χ : Gal(L/K)→ O×K a nontrivial cubic character. For any abelian group M ,
denote MQ = M ⊗Z Q. Put
E(L)χ = {P ∈ E(L) : P σ = [χ(σ)]P, ∀σ ∈ Gal(L/K).}
Lemma 3.6. Let the notations be as above. Then we have
E(L)Q = E(K)Q ⊕ E(L)χQ ⊕E(L)χ
−1
Q .
Proof. For any α = P ⊗ 1 ∈ E(L)Q, define for k = 0, 1, 2,
αk =
1
3
(∑
σ∈G
[χ−k(σ)]P σ ⊗ 1
)
∈ E(L)χkQ .
Then P ⊗ 1 =∑k αk and hence E(L)Q = E(K)Q + E(L)χQ + E(L)χ2Q .
Let αi ∈ E(L)χiQ , i = 0, 1, 2, satisfy α0 + α1 + α2 = 0. We will prove that αi = 0, for all i.
By multiplying a sufficiently large integer, we may assume that αi = Pi⊗ 1, Pi ∈ E(L). Let
τ be a generator of G. Then we have for k = 0, 1, 2,
Ak =
(
2∑
i=0
Pi ⊗ 1
)τk
=
2∑
i=0
[χi(τk)]Pi ⊗ 1 = 0.
Then
3P0 ⊗ 1 =
2∑
k=0
Ak = 0.
Then P1 ⊗ 1 + P2 ⊗ 1 = 0. Hence, P1 ⊗ 1 ∈ E(L)χQ ∩ E(L)χ
2
Q and then
[χ(σ)]P1 ⊗ 1 = [χ2(σ)]P1 ⊗ 1, ∀σ ∈ G.
In particular, [ω]P1 ⊗ 1 = [ω2]P1 ⊗ 1. Thus 3P1 ⊗ 1 = 0 and then for all i, αi = 0.

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Now we are at the stage to prove the main theorem.
Proof of the Main Theorem 1.1. The elliptic curve E3 has the Weierstrass equation y
2 =
x3 − 24 · 35 and let φ : E1 → E3 be the isomorphism given by
φ(x, y) = (32/3x, 3y).
Then φ : E1(L(3,p))
σ1+3ω3=ω
2 ≃ E3(L(p)) is an isomorphism. Note E3(K)Q = 0. By Lemma
3.6, we have a decomposition in E1(L(3,p))Q
(3.1) z = z1 + z2, z1, z2,∈ E1(L(3,p))σ1+3ω3=ω
2
Q
such that φ(z1) ∈ E3(L(p))χpQ , φ(z2) ∈ E3(L(p))χ
−1
p
Q .
By Theorem 3.5, the point z is of infinite order. Then either z1 or z2 is nonzero. If z1 (resp.
z2) is nonzero, then φ(z1) (resp. φ(z2)) gives rise to a non-torsion point in E3(L(p))
χp ≃
E3p(K) (resp. E3(L(p))
χ−1p ≃ E3p2(K)). Since both E3p and E3p2 have CM byK, we conclude
that
rankZE3p(Q) = rankOKE3p(K) > 0 (resp. rankZE3p2(Q) = rankOKE3p2(K) > 0).
Hence, either 3p or 3p2 is a cube sum. 
4. The Explicit Gross-Zagier Formulae
4.1. Test vectors and the explicit Gross-Zagier formulae. Let π be the automorphic
representation of GL2(A) corresponding to E1/Q. Then π is only ramified at 3 with conductor
33. For n ∈ Q×, let χn : Gal(Kab/K) → C× be the cubic character given by χn(σ) =
( 3
√
n)σ−1. Define
L(s, E1, χn) = L(s− 1/2, πK ⊗ χn), ǫ(E1, χn) = ǫ(1/2, πK ⊗ χn),
where πK is the base change of π to GL2(AK).
Let p ≡ 2, 5 mod 9 be an odd prime number, and put χ = χ3p or χ3p2 . By [SY17,
Proposition 4.1], we have
L(s, E1, χ) =
{
L(s, E3p)L(s, E9p2) if χ = χ3p,
L(s, E3p2)L(s, E9p) if χ = χ3p2 .
By [Liv95], we have the epsilon factors ǫ(E3p) = ǫ(E3p2) = −1 and ǫ(E9p) = ǫ(E9p2) = +1,
and hence the epsilon factor ǫ(E1, χ) = −1. For a quaternion algebra B/A, we define its
ramification index ǫ(Bv) = +1 for any place v of Q if the local component Bv is split and
ǫ(Bv) = −1 otherwise.
Proposition 4.1. The incoherent quaternion algebra B over A, which satisfies
ǫ(1/2, πv, χv) = χv(−1)ǫv(B)
for all places p of Q, is only ramified at the infinity place.
Proof. Since π is unramified at finite places v ∤ 3 and χ is unramified at finite places v 6= 3p
and p is inert in K, by [Gro88, Proposition 6.3], we get ǫ(1/2, πv, χv) = +1 for all finite
v 6= 3. Again by [Gro88, Proposition 6.5], we also know that ǫ(1/2, π∞, χ∞) = −1. Since
ǫ(1/2, π, χ) = −1, we see that ǫ(1/2, π3, χ3) = +1. Since χ is a cubic character, χv(−1) = 1
for any v. Hence B is only ramified at the infinity place. 
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Let B×f = GL2(Af) be the finite part of B
×. For any open compact subgroup U ⊂ B×f ,
the Shimura curve XU associated to B of level U is the usual modular curve with complex
uniformazition
XU(C) = GL2(Q)
+\
(
H
⊔
P1(Q)
)
×GL2(Af)/U.
Let
πE1 = lim−→
U
Hom0ξU (XU , E1),
where Hom0ξU (XU , E1) denotes the morphisms in HomQ(XU , E1)⊗ZQ using the Hodge class
ξU as a base point. Then πE1 is an automorphic representation of B
× over Q and π is
the Jacquet-Langlands correspondence of πE1 ⊗Q C on GL2(A). By Proposition 4.1 and a
theorem of Tunell-Saito [YZZ13, Theorem 1.4.1], the space
HomA×
K
(πE1 ⊗ χ,C)⊗ HomA×
K
(πE1 ⊗ χ−1,C)
is one-dimensional with a canonical generator β0 = ⊗β0v where, for each place v of Q, the
bilinear form
β0v : πE1,v ⊗ πE1,v −→ C
is given by
β0v(f1 ⊗ f2) =
∫
K×v /Q
×
v
(πE1,v(t)f1, f2)χv(t)
(f1, f2)v
dt, f1, f2 ∈ πE1,v.
Here (·, ·)v is a B×v -invariant pairing on πE1,v × πE1,v and dt is a Haar measure on K×v /Q×v .
For more details we refer to [YZZ13, Section 1.4] and [CST14, Section 3].
The elliptic curve E1 has conductor 3
3 and let f : X0(3
3) → E1 be the modular isomor-
phism given by Proposition 2.1. Let
R =
(
Ẑ Ẑ
33 · Ẑ Ẑ
)
⊂ Bf (Ẑ) = M2(Ẑ)
be the Eichler order of discriminant 33. Then U0(3
3) = R×, and by the newform theory
[Cas73], the invariant subspace πR
×
E1
has dimension 1 and is generated by f .
Proposition 4.2. The modular isomorphism f : X0(3
3) → E1 is a test vector for the pair
(πE1 , χ), i.e. β
0(f, f) 6= 0.
Proof. Let R′ be the admissible order for the pair (πE1 , χ) in the sense of [CST14, Definition
1.3]. Since R′ and R only differs at 3. It suffices to verify that β03(f3, f3) 6= 0. We delay this
verification to the next subsection Proposition 4.5. 
Let ωEn be the invariant differential on the minimal model of En. Define the minimal real
period Ωn of En by
Ωn =
∫
En(R)
|ωEn|.
By [ZK87, Formula (9)], we have
(4.1) Ω3pΩ9p2 = Ω3p2Ω9p = p
−1 · Ω21
Using Sage we compute that {Ω1,Ω1 · (12 +
√−3
2
)} is a Z-basis of the period lattice L of the
minimal model of E1. So
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(4.2)
√
3Ω21 = 2
∫
C/L
dxdy =
∫
E(C)
|ωE1 ∧ ωE1 | = 8π2(φ, φ)Γ0(27),
where φ is the newform of level 33 and weight 2 associated to E1, and (φ, φ)Γ0(33) is the
Petersson norm of φ defined by
(φ, φ)Γ0(27) =
∫ ∫
Γ0(33)
|φ(z)|2dxdy, z = x+ iy.
Let Pτ = [τ, 1] be the CM point on X0(27)(H9p). Define the Heegner points
R1 = TrH9p/L(3p)Pτ ∈ E1(L(3p)),
and
R2 = TrH9p/L(3p2)Pτ ∈ E1(L(3p2)).
Recall
z = TrH9p/L(3,p) ,
and from (3.1), we have the decomposition
z = z1 + z2 ∈ E1(L(3,p))Q,
where z1 resp. z2 gives rise to a point in E3p(K)Q resp. E3p2(K)Q. The Heegner points R1
and R2 are related to z1 and z2 as follows.
Proposition 4.3. In E1(L(3,p))Q, we have
R1 = 3z1 and R2 = 3z2.
Proof. Denote
σ = σ1+3ω3 and τ = σ
i
ω3
,
where i = 1 if p ≡ 2 mod 9 and i = 2 otherwise. By Proposition 2.6,
(
3
√
3)σ−1 = ω2, ( 3
√
p)σ−1 = 1,
and
(
3
√
3)τ−1 = 1, ( 3
√
p)τ−1 = ω.
Then
Gal(L(3,p)/L(3p)) = 〈στ〉, Gal(L(3,p)/L(3p2)) = 〈στ 2〉.
Since φ(z1) is χp-eigen while φ(z2) is χp2-eigen (see the proof of Theorem 1.1),
R1 = TrL(3,p)/L(3p)z = (z1 + z
στ
1 + z
σ2τ2
1 ) + (z2 + z
στ
2 + z
σ2τ2
2 )
= 3z1 + [1 + ω + ω
2]z2 = 3z1 ∈ E1(L(3,p))Q.
Similarly, we have
R2 = 3z2 ∈ E1(L(3,p))Q.

Therefore, if the Heegner point R1 resp. R2 is of infinite order, then 3p resp. 3p
2 is a cube
sum. These Heegner points satisfy the following explicit Gross-Zagier formulae.
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Theorem 4.4. Let p ≡ 2, 5 mod 9 be odd prime numbers. We have the following explicit
height formula of Heegner points:
L′(1, E3p)L(1, E9p2)
Ω3pΩ9p2
= ĥQ(R1),
and
L′(1, E3p2)L(1, E9p)
Ω3p2Ω9p
= ĥQ(R2).
Proof. Let R′ be the admissible order for the pair (πE1, χ) and let f ′ 6= 0 be a test vector in
V (πE1, χ) which is defined in [CST14, Definition 1.4]. The newform f only differs from f
′
at the local place 3. Define the Heegner cycle
P 0χ(f) =
♯Pic(Op)
Vol(K̂×/K×Q̂×, dt)
∫
K×Q̂×\K̂×
f(Pτ )
σtχ(t)dt,
and define P 0χ−1(f) similarly as in [CST14, Theorem 1.6]. It follows from Proposition 4.5
that
β03(f
′
3, f
′
3)
β03(f3, f3)
= 12.
By [CST14, Theorem 1.6], We have
L′(1, E1, χ) = 6 ·
(8π2) · (φ, φ)Γ0(27)√
3p · (f, f)R′×
· 〈P 0χ(f), P 0χ−1(f)〉K,K ,
where (·, ·)R′ is the pairing on πE1 × πE1∨ defined as in [CST14, page 789], and 〈·, ·〉K,K is
a pairing from E1(K)Q ×K E1(K)Q to C such that 〈·, ·〉K = TrC/R〈·, ·〉K,K is the Neron-Tate
height over the base field K, see [CST14, page 790]. In our case, by [CST14, Lemma 2.2 and
Lemma 3.5],
(f, f)R′ =
Vol(XR′×)
Vol(XR×)
deg f =
Vol(R×)
Vol(R′×) = 2/3.
So, we get
(4.3) L′(1, E1, χ) = 9
(8π2) · (φ, φ)Γ0(33)√
3p
· 〈P 0χ(f), P 0χ−1(f)〉K,K .
On the other hand
P 0χ(f) =
#Pic(Op)
#Pic(O9p)
∑
t∈Pic(O9p)
f(Pτ)
σtχ(t).
Since
#Pic(Op)
#Pic(O9p) = [K
×Ô×p : K×Ô×9p]−1 =
1
9
,
we have
P 0χ(f) =
1
9
∑
t∈Pic(O9p)
f(Pτ )
σtχ(t).
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In the following of the proof we suppose χ = χ3p and the case for χ = χ3p2 follows the same
way. We have
〈P 0χ(f), P 0χ−1(f)〉K,K =
1
92
〈
∑
σ∈Gal(L(3p)/K)
Rσ1χ
−1(σ),
∑
σ∈Gal(L(3p)/K)
Rσ1χ(σ)〉K,K
=
1
27
〈R1,
∑
σ∈Gal(L(3p)/K)
Rσ1χ(σ)〉K,K
=
1
27
(
〈R1, R1〉K,K −
〈
R1, R
σ1+3ω3
1
〉
K,K
)
.
Here we note that Gal(L(3p)/K) = 〈σ1+3ω3〉. By Corollary 2.5, we have Rσ1+3ω31 = [ω2]R1,
then 〈
R1, R
σ1+3ω3
1
〉
K,K
=
1
2
(
ĥK([1 + ω
2]R1)− ĥK([ω2]R1)− ĥK(R1)
)
.
Since |1 + ω2| = |ω2| = 1, by definition, ĥK([1 + ω2]R1) = ĥK([ω2]R1) = ĥK(R1). Then〈
R1, R
σ1+3ω3
1
〉
K,K
= −1
2
ĥK(R1),
and hence
(4.4)
〈
P 0χ(f), P
0
χ−1(f)
〉
K,K
=
1
18
ĥK(R1) =
1
9
ĥQ(R1).
Finally, combining (4.1)-(4.4), we get
L′(1, E3p)L(1, E9p2)
Ω3pΩ9p2
= ĥQ(R1).

4.2. Local matrix coefficients. Define the local matrix coefficient
Φ(t) =
(π3(t)f3, f3)
(f3, f3)
, t ∈ GL2(Q3).
Since χ has conductor 9p, we have
β03(f3, f3) =
Vol(K×3 /Q
×
3 )
|K×3 /Q×3O×9p,3|
∑
t∈K×3 /Q×3 O×9p,3
Φ(t)χ3(t)(4.5)
=
Vol(K×3 /Q
×
3 )
18
∑
t∈S⊔S′
Φ(t)χ3(t),
where
S = {1 + y√−3|y ∈ Z/9Z}, S ′ = {3y +√−3|y ∈ Z/9Z}.
Note that S
⊔
S ′ is a complete system of representatives of K×3 /Q
×
3O×9p,3. In the above, we
view χ as an adelic character through the class field theory and χ3 is the 3-part of χ. In order
to compute β03(f3, f3), it suffices to compute the local matrix coefficients Φ(t), t ∈ S
⊔
S ′.
For the basic knowledge and conventions from representation theory we need to compute
these matrix coefficients, we refer to [SY17, §4.2.2]. Let ψ be the additive character such
that ψ(x) = e2πiι(x) where ι : Q3 → Q3/Z3 ⊂ Q/Z is the map given by x 7→ −x mod Z3 and
put ψ−(x) = ψ(−x). Let dx be the Haar measure on Q3 which is self-dual with respect to
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ψ, and we fix a Haar measure d×x on Q×3 such that Vol(Z
×
3 ) = 1. The local representation
π3 = πE1,3 is supercuspidal, and the Kirillov model K (π3, ψ) is the unique realization of π3
on the Schwartz function space S(Q×3 ) such that
π
((
a b
0 1
))
φ(x) = ψ(bx)φ(ax), φ ∈ S(Q×3 ).
The GL2(Q3)-invariant pairing on π3 × π3 is given by
(φ1, φ2) =
∫
Q×3
φ1(x)φ2(x)d
×x.
Put
1ν,n(x) =
{
ν(u), if x = u3n for u ∈ Z×3 ,
0, otherwise,
where ν is a character of Z×3 . Then {1ν,n(x)}ν,n is an orthogonal basis of S(Q×3 ) with respect
to the paring (·, ·). For φ(x) ∈ S(Q×3 ), we have the Fourier expansion
φ(x) =
∑
ν
∑
n
φ̂n(ν
−1)1ν,n,
where
φ̂n(ν
−1) =
∫
Z×3
φ(3nx)ν−1(x)d×x.
The action of w =
(
0 1
−1 0
)
on 1ν,n can be described as follows:
π3
((
0 1
−1 0
))
1ν,n = Cν1ν−1,−n+nν .
where
Cν = ǫ(1/2, π ⊗ ν−1, ψ),
and nν = −max{5, 2i}, where i is the conductor of ν. From w2 = −1, one can see that
nν = nν−1 , CνCν−1 = 1.
It is well known that 11,0 is the normalized local new form, and hence, is parallel to f3.
Note that Φ(t) is bi-invariant under U0(3
3)3 and hence induces a function on the double
cosets ZU0(3
3)3\GL2(Q3)/U0(33)3, where Z denotes the center of GL2(Q3). Consider the
natural projection map
pr : GL2(Q3)→ ZU0(33)3\GL2(Q3)/U0(33)3.
Under the embedding ρ : K →֒ M2(Q), we write
(4.6)
√−3 =
( −1 −2p/9
18/p 1
)
.
We have the following decomposition of matrix:
(4.7)
(
a 3ib
3jc d
)
=
(
(ac−1 − bd−13j+i) d−1b3i
0 1
)(
1 0
3j 1
)(
c 0
0 d
)
.
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Let i < 3 be an integer. From(
1 0
3i 1
)
= −w
(
1 −3i
0 1
)
w,
we have
π3
((
1 −3i
0 1
)
w
)
11,0(x) = C1ψ
−(3ix)11,−3(x) = C1
∑
c(ν)=3−i
ψ̂−i−3(ν
−1)1ν,−3(x),
π3
((
1 0
3i 1
))
11,0 =
∑
c(ν)=3−i
C1Cνψ̂−i−3(ν
−1)1ν−1,min(0,2i−3),
that is
(4.8) π3
((
1 0
3i 1
))
11,0 =
{∑
c(ν)=3−i C1Cνψ̂
−
i−3(ν
−1)1ν−1,2i−3, if i ≤ 1;
ψ̂−−1(1)11,0 + C1Cνψ̂−−1(ν
−1)1ν−1,0, if i = 2.
Under the embedding ρ, we have
3y +
√−3 =
(
3y − 1 3−2(−2p)
32(2/p) 3y + 1
)
, y ∈ Z/9Z
We have the decomposition(
3y − 1 3−2(−2p)
32(2/p) 3y + 1
)
=
(
3(3y2+1)p
2(3y+1)
−2p
32(3y+1)
0 1
)(
1 0
32 1
)(
2/p 0
0 3y + 1
)
.
Then
pr
((
3y − 1 3−2(−2p)
32(2/p) 3y + 1
))
=
(
3(3y2+1)p
2(3y+1)
−2p
32(3y+1)
0 1
)(
1 0
32 1
)
=
(
3Ay
By
32
0 1
)(
1 0
32 1
)
where Ay =
(3y2+1)p
2(3y+1)
and By =
−2p
3y+1
are 3-units. Then by (4.8)
π3(3y +
√−3)11,0(x) = ψ
(
Byx
32
)
ψ̂−−1(ν1)Cν11ν1,0 (3Ayx) + ψ
(
Byx
32
)
ψ̂−−1(1)11,0 (3Ayx)
= ψ
(
Byx
32
)(√−3
2
ν1(Ay)Cν11ν1,−1 (x) +
−1
2
11,−1 (x)
)
,
and hence we see
(4.9) Φ(3y +
√−3) = 0, y ∈ Z/9Z.
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For y ∈ Z/9Z, we have
Φ(1 + y
√−3) = (π3(1 + y
√−3)11,0, 11,0)(4.10)
= (π3(−3y +
√−3)11.0, π3(
√−3)11,0)))
=
∫
v(x)=−1
ψ
(
yx
−3(3y − 1)
)
d×x
=

1, y = 0;
−1
2
, y = 3, 6;
0, otherwise.
Proposition 4.5. The local integral
β03(f3, f3) =
Vol(K×3 /Q
×
3 )
12
.
Proof. It follows from (4.5), (4.9) and (4.10) that
β03(f3, f3) =
Vol(K×3 /Q
×
3 )
18
∑
t∈S⊔S′
Φ(t)χ3(t)
=
Vol(K×3 /Q
×
3 )
18
(
1− 1
2
(ω + ω2)
)
=
Vol(K×3 /Q
×
3 )
12
.

4.3. Variant of the Birch and Swinnerton-Dyer conjecture. By the explicit descent
method of 3-isogenies, we can compute the following Selmer groups.
Proposition 4.6. If p ≡ 2, 5 mod 9 is an odd prime, then
dimF3 Sel3(E3p) = 1 and dimF3 Sel3(E9p2) = 0,
and
dimF3 Sel3(E3p2) = 1 and dimF3 Sel3(E9p) = 0.
Proof. The elliptic curve E3p has Weierstrass equation y
2 = x3 − 2433(3p)2 and let E ′3p be
the elliptic curve given by Weierstrass equation y2 = x3+24(3p)2. There is a unique isogeny
φ : E3p → E ′3p of degree 3 up to automorphisms ±1. Let φ′ : E ′3p → E3p be the dual isogeny
of φ. By [Sat86, Theorem 2.9],
Selφ(E3p) ≃ (Z/3Z)2 and Selφ′(E ′3p) = 0.
Note E3p(Q)tor = 0, E
′
3p(Q)tor ≃ Z/3Z and X(E ′3p)[φ′] = 0. By [SY17, Lemma 5.1], we have
dimF3 Sel3(E3p) = 1.
The Selmer groups Sel3(E3p2), Sel3(E9p) and Sel3(E9p2) can be computed the same way. 
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By the formula for epsilon factors in [Liv95], we know
ǫ(E3p) = ǫ(E3p2) = −1 and ǫ(E9p) = ǫ(E9p2) = +1.
Then the Birch and Swinnerton-Dyer (B-SD) conjecture would imply that
rankE3p(Q) = rankE3p2(Q) = 1 and rankE9p(Q) = rankE9p2(Q) = 0.
Suppose the Heegner point R1 is not torsion. It follows from the work of Kolyvagin [Kol90]
and Gross-Zagier [GZ86] that
rankZE3p(Q) = ords=1L(s, E3p) = 1, rankZE9p2(Q) = ords=1L(s, E9p2) = 0,
and the Shafarevich-Tate groups X(E3p) and X(E9p2) are finite.
Let P1 be a generator of the free part of E3p(Q). By [ZK87, Table 1], we know that the
Tamagawa numbers cℓ(E3p) = cℓ(E9p2) = 1 for all primes ℓ. Then the B-SD conjecture
predicts that
L′(1, E3p)
Ω3p
= |X(E3p)| · ĥQ(P1),
and
L(1, E9p2)
Ω9p2
= |X(E9p2)| .
Combining these two, we get
(4.11)
L′(1, E3p)
Ω3p
· L(1, E9p2)
Ω9p2
= |X(E3p)| · |X(E9p2)| · ĥQ(P1).
Comparing this with the explicit height formula Theorem 4.4, we have
(4.12) |X(E3p)| · |X(E9p2)| = ĥQ(R1)
ĥQ(P1)
.
Suppose both the Heegner point R2 is not torsion. Let P2 be a generator of the free part
of E3p2(Q). The B-SD conjecture implies via a similar argument that
(4.13) |X(E3p2)| · |X(E9p)| = ĥQ(R2)
ĥQ(P2)
.
It is easy to see that the rations
ĥQ(R1)
ĥQ(P1)
and
ĥQ(R2)
ĥQ(P2)
are rational numbers. By the work of Perrin
[PR87] and Kobayashi [Kob13], for good primes ℓ, i.e. ℓ ∤ 6p, the ℓ-part of the identities
(4.12) and (4.13) hold.
Note by Proposition 4.6, we have
|X(E3p)[3∞]| = |X(E9p2)[3∞]| = 1.
Then we have the following variant of the 3-part of the B-SD conjectures for the related
elliptic curves.
Proposition 4.7. Suppose the Heegner point R1 resp. R2 is not torsion. Let P1 resp. P2 be a
generator of the free part of E3p(Q) resp. E3p2(Q). Then the 3-part of X(E3p)|·|X(E9p2)|resp.
|X(E3p2)| · |X(E9p)| is as predicted by the B-SD conjecture if and only if
ĥQ(R1)
ĥQ(P1)
resp.
ĥQ(R2)
ĥQ(P2)
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is a 3-adic unit.
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